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The Borel-Serre Compactification for the Classifying
Space of Hodge Structures
John Scherk
Abstract
A 1-parameter variation of Hodge structures corresponds to a holomorphic, horizontal,
locally liftable map into a classifying space of Hodge structures. In this paper it is shown
that such a map has a limit in the reductive Borel-Serre compactification of the classifying
space. The boundary component in which the limit lies is a union over possible polariza-
tions of classifying spaces of Hodge structures on the primitive parts. It is discussed which
boundary components can contain such limit points.
1. Introduction
It is an interesting problem to construct and study compactifications of the classifying spaces
of Hodge structures analogous to those known for hermitian locally symmetric spaces. Griffiths
([Grf70], §9) posed this question in 1970 for the Bailey-Borel compactification. One hopes that such
compactifications will enable one to better understand the degeneration of Hodge structures. The
first results were obtained by Cattani and Kaplan for Hodge structures of weight 2 in [CK77] (see
also [U95]). Usui and Kato outlined results on Mumford compactifications in [KU00] . A relatively
simple compactification for hermitian locally symmetric spaces is the reductive Borel-Serre com-
pactification. In [BJ01] Borel and Ji showed how to extend the construction to more general locally
homogeneous spaces, in particular to the classifying spaces of Hodge structures (see also [KU02]).
Suppose that Γ\D is such a classifying space, and that Γ\D¯RBS is its reductive Borel-Serre
compactification. Let T ⊂ C be the unit disc, T ∗ = T \ {0}, and
Φ : T ∗ → Γ\D
a holomorphic, horizontal, locally liftable map, i.e. Φ corresponds to a 1-parameter variation of
Hodge structures. Our first result is to show that Φ extends continuously to
Φˆ : T → Γ\D¯RBS .
Now the monodromy of Φ defines the weight filtration W . Let Q be the (rational) parabolic group
of automorphisms of D preserving W . Associated to Q is a boundary component (Γ ∩ Q)\DQ of
Γ\D¯RBS . The limit Φˆ(0) lies in it. And we describe DQ in terms of Q and of the limit Hodge
filtration. Lastly, the tangent bundle of D has a distinguished subbundle, the horizontal subbundle.
Since Φ′ takes its values in this subbundle one can ask which boundary components of Γ\D¯RBS a
map Φˆ can meet.
Let G denote the automorphism group of D, and gR its Lie algebra. In §2 basic definitions and
notation are reviewed. In §3 we introduce a grading on the roots of gC. In §4 we use this to show
that there exists a maximal set of strongly orthogonal roots. We can then construct a maximally
non-compact Cartan subalgebra of gR, and the corresponding Cayley transform. In §5 we recall basic
results about parabolic subalgebras and representations of sl(2) and relate the Cayley transform
of a representation to that of §4. In §6 we discuss the construction of the reductive Borel-Serre
partial compactification D¯RBS . We can then prove in §7 that a 1-parameter variation Φ of Hodge
John Scherk
structures extends in D¯RBS . We discuss the type of boundary components it can meet. Lastly, in
§8 we show that the boundary component which Φˆ meets, fibres over a space of polarizations. The
fibres are spaces of polarized Hodge structures on the primitive parts of GrW .
2. Basic Definitions
Let H be a finite dimensional complex vector space, with a real form HR and a lattice HZ ⊂ HR,
and let m be a positive integer. Let S be a non-degenerate bilinear form on H, defined over Q, which
is symmetric if m is even, and skew-symmetric if m is odd. And let G be the group of symmetries
O(S) of S. So G is a semi-simple linear algebraic group defined over Q.
For 0 6 p 6 m, let hp,m−p be non-negative integers such that
hm−p,p = hp,m−p , dimC H =
m∑
p=0
hp,m−p .
Then let Dˇ be the set of filtrations
H = F 0 ⊃ · · · ⊃ Fm
of H satisfying
dimF p =
∑
q>p
hq,m−q ,
and the condition:
S(F p, Fm−p+1) = 0 , 0 6 p 6 m . (1)
Thus Dˇ is a complex subvariety defined over Q of a product of Grassmannians. The group G(C)
acts transitively on Dˇ. Therefore Dˇ is a smooth projective variety.
Define the Weil operator
C : H → H
by
Cv = ip−qv , v ∈ Hp,q := F p ∩ F¯ q .
Let D be the open submanifold of Dˇ consisting of filtrations which satisfy
S(Cv, v¯) > 0 , v 6= 0 . (2)
The space D is called a classifying space for polarized Hodge structures of weight m on H. The
group of real points of G,
G(R) = {g ∈ G(C) | g(HR) ⊂ HR} ,
preserves condition (2) and thus is a group of automorphisms of D. It acts transitively on D. Choose
a base-point x0 ∈ D, corresponding to a Hodge filtration {F p0 } or {Hp,q0 } . Then let B ⊂ G(C)
denote the isotropy group of x0, so that
Dˇ ∼= G(C)/B ,
and B is parabolic. Furthermore,
V := G(R) ∩B
is compact ([Sch73] 3.7) and
D ∼= G(R)/V .
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Lastly, the arithmetic subgroup
Γ = G(Z) = {g ∈ G(C) | g(HZ) ⊂ HZ}
acts properly discontinuously on D ([Sch73], 3.8).
Let gC denote the Lie algebra of G(C), and let
gR = {X ∈ gC |XHR ⊂ HR} .
Thus gR is a real form of gC and is the Lie algebra of G(R). We have an induced Hodge structure
of weight 0 on Hom(H,H) and on its subspace gC: letting
gr,−r = {X ∈ gC |XHp,q0 ⊂ Hp+r,q−r0 } ,
we have
gr,−r = g−r,r
and
gC = ⊕rgr,−r .
Furthermore,
[gr,−r, gs,−s] ⊂ gr+s,−r−s .
Let B(, ) be the form
B(X,Y ) = trXY , X,Y ∈ gC ,
on gC. According to [Sch73], 8.8, −B(, ) polarizes this Hodge structure. The Weil operator
θ : gC → gC
is given by
θ(X) = (−1)rX , X ∈ gr,−r .
Thus
(X,Y ) := −B(θX, Y¯ )
defines a Hermitian inner product on g (loc. sit. 8.9). In fact, with the above grading gC carries a
Hodge structure of weight 0 polarized by this inner product. If we pick another point x1 ∈ D, and
any g ∈ G(R) such that gx0 = x1, then Adg is a morphism of Hodge structures.
The Lie algebras of B and V are
b = ⊕r>0 gr,−r , v = gR ∩ g0,0
(cf. [Sch73], 3.13, 3.14). Let
k = ⊕r even gr,−r , p = ⊕r odd gr,−r , (3)
and
kR = k ∩ gR , pR = p ∩ gR .
Then
gR = kR ⊕ pR (4)
is a Cartan decomposition of gR (loc. sit. §8).
Proposition 1. rk v = rk gC.
Proof. The parabolic subalgebras b and b¯ are opposite and
b ∩ b¯ = g0,0 .
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So it follows that
rk g0,0 = rk gC .
But v is a compact real form of g0,0. Thus
rk v = rk g0,0 .
For a direct calculation, see [U95], 1.7.
It will be useful to write out more explicitly the Hodge structure of weight 1 with h1,0 = h0,1 = 1,
polarized by a nondegenerate skew-symmetric form S. In this case g ∼= sl(2). If we pick v ∈ H1,0,
with iS(v, v¯) = 2, then there are elements z,x+,x− of degree (0, 0), (−1, 1), (1,−1) respectively,
which span sl(2,C):
x+v = −iv¯
x−v¯ = iv
z = [x+,x−] .
With respect to the real basis { (v + v¯)/2, i(v − v¯)/2 }, they have the matrices
z =
(
0 −i
i 0
)
, x+ =
1
2
(−i 1
1 i
)
, x− =
1
2
(
i 1
1 −i
)
.
The real form sl(2,R) is spanned by
y = i(x− − x+) =
(−1 0
0 1
)
, n+ =
(
0 0
1 0
)
, n− =
(
0 1
0 0
)
.
Lastly, we have the Cayley element
c =
1√
2
(
1 −i
−i 1
)
∈ SL(2,C) .
3. Weights and Roots
Let t be a maximal abelian subalgebra of v and set
tC = t + it ⊂ g .
With respect to the inner product above on gC, elements of t and it are skew-hermitian and therefore
semi-simple. So it follows from proposition 1 that tC is a Cartan subalgebra of gC. Since tC ⊂ g0,0,
we have
tC(H
p,m−p
0 ) ⊂ Hp,m−p0
and
[tC, g
r,−r] ⊂ gr,−r .
Therefore Hp,m−p decomposes into an orthogonal sum of weight spaces. For any weight ǫ,
dimHǫ = 1. If
Hǫ ⊂ Hp,m−p0
then
H−ǫ = H ǫ¯ = H¯ǫ ⊂ Hm−p,p0 .
Similarly, gr,−r decomposes into an orthogonal sum of root spaces, and if
gα ⊂ gr,−r
4
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then
g−α = gα¯ = gα ⊂ g−r,r .
Definition 1. A weight ǫ (with respect to tC) of the canonical representation of gC on H is of
degree (p,m− p) if
Hǫ ⊂ Hp,m−p0 .
A root α (with respect to tC) is of degree r if
gα ⊂ gr,−r .
Let ΦC be the set of weights with respect to tC, ∆C the set of roots, and ∆
r the roots of degree r.
From (3), the roots of even degree are the compact roots, and those of odd degree, the non-compact
ones. Note that if α is of degree r and β of degree s then if α+ β is a root, its degree is r + s.
Given weights ǫ1 and ǫ2, −ǫ1 + ǫ2 6= 0, of degrees (p1,m − p1), respectively (p2,m − p2), with
p1 > p2, p1 > m/2, pick
vj ∈ Hǫj , j = 1, 2
with
i2pj−mS(vj , v¯j) = 2 .
Let
α = −ǫ1 + ǫ2
and define Xα by
Xαv1 = (−1)p2−p1+1iv2
Xαv¯2 = iv¯1
XαH
ǫ = 0 for ǫ 6= ǫ1,−ǫ2 .
If m is odd, let
α = −2ǫ1
and define Xα by
Xαv1 = −iv¯1
XαH
ǫ = 0 for ǫ 6= ǫ1 .
Proposition 2. Xα ∈ gC and α is a root with respect to tC. The degree of α is p2−p1, respectively
m− 2p1.
Proof. Check that Xα is skew-symmetric with respect to S, and that it is a root vector for α with
respect to tC.
Remark 1. i) In particular, if m = 2n is even, then S is symmetric and positive definite on Hn,n.
So 0 is a weight on Hn,n if and only if hn,n is odd, which holds if and only if dimH is odd. In
this case −ǫ1 is a root of degree n− p1.
ii) If m is even, then α = −2ǫ1 is not a root because Xα is not an infinitesimal isometry.
Theorem 1. Every root α ∈ ∆C can be written in t∗C in the form
α = −δ + ǫ ,
for some weights δ, ǫ ∈ ΦC.
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Proof. Let α be a root of degree −r, and X 6= 0 a root vector for α. There exists a weight δ, of
degree (p,m− p) say, such that X(Hδ) 6= 0. Pick v ∈ Hδ, v 6= 0. So i2p−mS(v, v¯) > 0. Then
Xv ∈ Hδ+α ⊂ Hp−r,m−p+r .
So
0 < i2(p−r)−mS(Xv, X¯v¯) = (−1)r+1i2p−mS(v,XX¯v¯) .
It follows that if we set w = Xv, then
Xw¯ = XX¯v¯ = λv¯ ,
for some λ ∈ R, where (−1)r+1λ > 0.
Now let ǫ = δ + α ∈ ΦC and set β = −δ + ǫ ∈ ∆C. We can assume, by scaling X if necessary,
that w = Xβv. Compute tr (XX¯β):
XX¯β v¯ = Xw¯ = λv¯ , XX¯βw = (−1)r+1w .
Therefore
tr (XX¯β) = (−1)r+1 + λ ,
and (X,Xβ) > 0. But if α 6= β, then gα ⊥ gβ. It follows that α = β.
Suppose now that we have two roots α and β such that α + β is a root. If we write them both
in this form, the theorem implies that in the sum, two of the weights must cancel:
Corollary 1. i) Suppose α = −δ1 + δ2 and β = −ǫ1 + ǫ2 are roots, where δ1 6= −δ2,
ǫ1 6= −ǫ2 . If α+ β is a root, then either δ1 = −ǫ1, δ1 = ǫ2, δ2 = ǫ1, or δ2 = −ǫ2.
ii) Suppose α = −δ1+δ2 and β = −2ǫ1 are roots, where δ1 6= −δ2. If α+β is a root then ǫ1 = −δ1
or ǫ1 = δ2.
Proof. Suppose α+ β is a root. Compute [Xα,Xβ]v for v ∈ Hδ, δ ∈ ΦC.
For any α, set
X−α = X¯α . Zα = [Xα,X−α] .
Then
α(Zα) =
{
(−1)p2−p1+1 2 if α = −ǫ1 + ǫ2
2 if α = −2ǫ1 .
(5)
So if degα is odd, defining
ϕα(z) = Zα , ϕα(x+) = Xα , ϕα(x−) = X−α , (6)
gives an embedding
ϕα : sl(2,C)→ gC
which is defined over R. Let ψα be the representation of SL(2,C) whose derivative is ϕα. Set
Yα = i(X−α −Xα) = ϕα(y) , Nα = ϕα(n+) , Cα = ψα(c) .
So Yα, Nα ∈ gR and Cα ∈ G(C).
4. A Real Cartan Subalgebra
We can now construct a maximal set of strongly orthogonal roots. This in turn gives a maximal
split abelian subalgebra of pR.
6
Compactifying Spaces of Hodge Structures
Suppose α = −δ1 + δ2 is a root. Let
Hα =
{
Hδ1 ⊕H−δ1 ⊕Hδ2 ⊕H−δ2 if δ2 6= −δ1
Hδ1 ⊕H−δ1 if δ2 = −δ1
and let
HαR = H
α ∩HR .
Set
s = rk gR .
We can compute s as follows. First consider the case where m = 2n− 1 is odd. Then
HR = ⊕ǫH−2ǫR ,
where the sum is over weights ǫ of degree (p,m − p), p > m − p. Pick v = vǫ ∈ Hǫ with
S(v, v¯) = im−2p. Then
H−2ǫR = 〈v + v¯, i(v − v¯)〉 ,
and
S
(
v + v¯, i(v − v¯)) = 2(−1)n−p+1 .
Therefore
s =
∑
p>m−p
hp,m−p .
Now suppose that m = 2n is even. On HR the bilinear form can be written as a sum of s
hyperbolic planes plus a definite form. To compute s, suppose ǫ1 and ǫ2 are weights of degree
(p1,m− p1), respectively (p2,m− p2), with p1, p2 > n and p1− p2 odd. Let α = −ǫ1+ ǫ2. Then HαR
is the sum of two hyperbolic planes. Therefore
s = min{a, b}
where
a =
∑
|j|6[n/2]
hn+2j,n−2j , b = dimH − a .
Lemma 1. Suppose α, β ∈ ∆C, with Hα ∩Hβ = {0}. Then α and β are strongly orthogonal.
Proof. If Hα ∩Hβ = {0} then by corollary 1, α+ β and α− β are not roots.
It is now clear how to construct a set of s strongly orthogonal non-compact roots. First, suppose
that m is odd. Set
Σ = {−2ǫ | ǫ ∈ ΦC, deg ǫ = (p,m− p), p > m− p} . (7)
Then the lemma implies that the roots in Σ are strongly orthogonal. And from the calculation
above, |Σ| = s.
Second, suppose thatm = 2n is even. Pick s disjoint pairs of weights (ǫ1, ǫ2) of degree (p1,m−p1),
respectively (p2,m− p2), with p1, p2 > n and p1 − p2 odd. Let
Σ = {−ǫ1 ± ǫ2 ∈ ∆C} . (8)
Since −ǫ1 + ǫ2 and −ǫ1 − ǫ2 are strongly orthogonal, the lemma again implies that all the roots
in Σ are strongly orthogonal. And |Σ| = s. In both cases the roots chosen are of odd degree and
therefore non-compact.
Label the roots in Σ: γ1, . . . , γs. Then for any j, k, it follows that
[Yγj , Yγk ] = 0 .
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To sum up,
Theorem 2. The set Σ = {γ1, . . . , γs} is a maximal set of strongly orthogonal roots. The subalgebra
aR =
s∑
j=1
RYγj ⊂ pR
is a maximal split abelian subalgebra of gR.
The algebra aR is a real Cartan subalgebra. Let
a′R =
∑
α∈Σ
RZα ⊂ it .
We have a restriction map
res : HomR(it,R)→ HomR(a′R,R) .
Let ∆′R = res∆C \ {0}. Set
C =
∏
α∈Σ
Cα .
Then
Ad(C)Yα = Zα , Ad(C)Nα = Xα ,
for α ∈ Σ. In particular, the Cayley transform Ad(C) gives an isomorphism
Ad(C) : aR → a′R .
If we denote by ∆R the roots of gR with respect to aR, then
Ad(C)∗ : ∆′R → ∆R .
is a bijection. Let res R denote the composition
∆C
res−−→ ∆′R
Ad (C)∗−−−−−→ ∆R .
One can choose the basepoint x0 so that there exists a Q - Cartan subalgebra
aQ ⊂ aR . (9)
More generally, suppose that k ⊂ R is a subfield and that ak ⊂ aR is a Cartan subalgebra over k.
Let Φk denote the weights of H with respect to ak, and ∆k the roots. Then setting
res k = res R/k ◦ res R ,
we have restriction maps
res k : ΦC → Φk , res k : ∆C → ∆k ∪ {0} .
The two maps are surjective. This implies that any root α ∈ ∆k can be written in the form
α = −δ1 + δ2, for some weights δ1, δ2 ∈ Φk. For any l, we set
∆lk = res k∆
l
C .
For m odd, rk gQ = rk gC. If m is even then over Q, S can be written as a sum of r hyperbolic
planes plus a form S0 which does not represent 0, where r = rk gQ. The short roots in ∆Q have
multiplicity dimH − 2r. All the other roots have multiplicity 1 (see [B66], 6.6, example 3).
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5. Parabolic Subalgebras and Three-Dimensional Subalgebras
Let ϕ be a representation of sl(2) in g defined over Q. Set
Y = ϕ(y) , N = ϕ(n−) .
Pick a Q-Cartan subalgebra aQ such that Y ∈ aQ. Let g(j) denote the eigenspace of Y with
eigenvalue j ∈ Z. As is well-known, the associated filtration W of g, given by
Wkg = ⊕j6kg(j)
is determined by N . We can define a parabolic subalgebra q by
q =W0g = ⊕j60g(j)
(see [SS70], 4.15, [Hum95], 7.10), sometimes called the canonical parabolic subalgebra of ϕ or N .
We also refer to the corresponding subgroup Q as the canonical parabolic subgroup associated with
N .
Alternatively, we can describe q in the following way. One can order ∆Q so that
α ∈ ∆Q , α(Y ) < 0 =⇒ α ∈ ∆+Q .
Let Π ⊂ ∆+Q be the set of simple roots, and let
I = {α ∈ Π |α(Y ) = 0} .
The set I determines a parabolic subalgebra qI as follows: set
aI =
⋂
α∈I
kerα ⊂ aQ .
So for α ∈ ∆Q, α(aI) = 0 if and only if α(Y ) = 0, and Y ∈ aI . Let
uI =
∑
α(Y )6=0
α>0
gα .
Then
q = qI := z(aI) + uI .
Furthermore, the eigenspaces g(j) are precisely the weight spaces of the adjoint representation of
aI on g. If one decomposes each eigenspace g(j) into a sum of root spaces, then for j 6= 0 the
corresponding roots all have multiplicity 1. It is also easy to see that the eigenspaces of Y on H
are the weight spaces for the action of aI on H. The eigenspaces of Y give a splitting of the weight
filtration W of N on H ([Sch73], 6.4). We recall that the (complex) weighted Dynkin diagram of
the complex conjugacy class of N is defined as follows ([CM93], §3.5): each root in the complex
Coxeter-Dynkin diagram is assigned the weight −α(Y ). This conjugacy class includes ϕ(n+) and
ϕ(x±).
Conversely, given a rational parabolic subalgebra q there exists a representation ϕ such that
q is the canonical subalgebra for this representation. In fact in general there will be many such
representations.
We also need to compare the Cayley transform of an SL(2)-orbit with the Cayley transform in
§4. Suppose that ϕ is a horizontal sl(2)-action, with
X+ = ϕ(x+) , X− = ϕ(x−) .
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Write
Y =
∑
α∈Σ
aαYα
= i
∑
α∈Σ
aαX−α − i
∑
α∈Σ
aαXα ,
where aα ∈ R. Since X+ ∈ g−1,1 and X− ∈ g1,−1 it follows that
X+ =
∑
α∈Σ
aαXα , X− =
∑
α∈Σ
aαX−α ,
and in fact, if aα 6= 0 we must have that degα = −1. Furthermore,
2X+ =
[
[X+,X−],X+
]
=
∑
α∈Σ
a3α
[
[Xα,X−α],Xα
]
= 2
∑
α∈Σ
a3αXα .
Therefore a3α = aα, and aα = 0,±1. Now if aα = −1, then we can replace α by −α, so that
Y =
∑
α
aαYα , aα = 0, 1 .
Let
Σϕ = {α | aα 6= 0} .
Since
α(Y ) = aα α(Yα) = 2aα
by (5), this implies that −Σϕ ⊂ ∆+C .
The horizontal SL(2)-action ψ with derivative ψ∗ = ϕ is given by
ψ =
∏
α∈Σϕ
ψα
Therefore the Cayley element of ϕ is
ψ(c) =
∏
α∈Σϕ
Cα ,
and furthermore,
Adψ(c)Y = CY , Adψ(c)N = CN . (10)
We note that
C−1x0 = ψ˜(∞) , Jψ˜(∞) = ψ˜(0) ,
where
J = ψ(j) , j =
(
0 −1
1 0
)
.
This shows directly that X+ ∈ g−1,1 if and only if N is a morphism of (W, ψ˜(0)) of degree (−1,−1).
6. The Reductive Borel-Serre Compactification
In this section we review the reductive Borel-Serre compactification of Γ\D as explained in [BJ01]
and [BJ02]. It comes from the reductive Borel-Serre partial compactification of G. Let P ⊂ G be
a rational parabolic subgroup with unipotent radical UP . Let LP = UP \P be the Levi quotient. In
LP let SP be the split centre over Q, and AP the identity component over R of SP . Lastly, if we set
MP = ∩χ∈X(LP ) kerχ2 ,
10
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where X(LP ) is the group of rational characters of LP , then we have the decomposition
LP = APMP
over R. Choose a maximal compact subgroup K ⊃ V as in [Sch73], §8. Associated K is a Cartan
involution of G. There is a unique lifting of LP to a Levi subgroup LP,x0 ⊂ G, defined over R,
invariant under the involution. Denote by AP,x0, respectively MP,x0 the liftings of AP , respectively
MP . Then we have the Langlands decomposition of P :
P = UPAP,x0MP,x0 .
Since G = PK, this gives the horospherical decomposition of G:
G = UP ×AP,x0 ×MP,x0K ,
and of D:
D = UP ×AP,x0 ×DP ,
where
DP =MP,x0K/V
∼=MP,x0/V ∩MP,x0 .
From here on we omit the reference to the basepoint x0 and just write AP and MP for the liftings.
Suppose that A is the identity component of a maximal Q-split torus in G, with Lie algebra a.
Let Π be a system of simple roots with respect to a. For any subset I ⊂ Π, let AI be the subtorus
of A with Lie algebra aI , and UI and PI the unipotent, respectively parabolic, subgroup with Lie
algebra uI , respectively pI .
For any parabolic P , AP acts on UP by conjugation. Denote by ∆(P,AP ) the set of roots on the
induced action of aP on uP , and by Π(P,AP ) the simple roots. Here ap and up are the Lie algebras
of AP and UP respectively. So if P = PI , then Π(P,AP ) is just the set of restrictions of Π \ I to AI .
For any t > 0, let
AP,t = {a ∈ AP |α(log a) > t , α ∈ Π(P,AP )} .
Then for any bounded sets U ⊂ UP , W ⊂MPK,
U ×AP,t ×W ⊂ G
is a Siegel set in G associated with P .
For each rational parabolic we have the boundary face
eˆ(P ) =MPK ∼= UPAP \G
of G and
DP =MPK/V ∼= UPAP \G/V .
ofD. To construct the space G¯RBS we attach the faces eˆ(P ) to G in the following way. An unbounded
sequence xj = (uj , aj ,mj), uj ∈ UP , aj ∈ AP , mj ∈ eˆ(P ) converges to a point m∞ ∈ eˆ(P ) if:
i) for any α ∈ Π(P,AP ), α(log aj)→∞,
ii) mj → m∞ .
as j →∞.
For a pair of parabolics Q ⊂ P , let Q′ ⊂MP be the parabolic subgroup determined by Q. Then
MQ′ =MQ , AQ = APAQ′ , UQ = UPUQ′ .
So we have the decomposition
eˆ(P ) = UQ′ ×AQ′ × eˆ(Q) .
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And eˆ(Q) is attached at infinity to eˆ(P ) as above. Thus a topology is defined on the space
G¯RBS = G ∪
∐
P⊂G
eˆ(P ) .
For any pointm∞ ∈ eˆ(P ), a neighbourhood base can be given as follows. LetW be a neighbourhood
of m∞ in eˆ(P ). The rational parabolics containing P correspond to the subsets J ⊂ Π(P,AP ).∐
J
UP ′
J
×AP ′
J
,t ×W
is a neighbourhood of m∞ in G¯
RBS . The right V - action on G extends to a continuous action on
G¯RBS . Define
D¯RBS = G¯RBS/V .
The rational boundary components of D¯RBS are DP = eˆ(P )/V . The action of Γ on G, respectively
D, extends continuously to G¯RBS , respectively D¯RBS . It acts properly and the quotient
Γ\D¯RBS ∼=
(
Γ\G¯RBS)/V
is compact and Hausdorff.
7. Behavior at Infinity
Let T ⊂ C denote the unit disc about 0, T ∗ = T \ {0}. Suppose that
Φ : T ∗ → Γ\D
is holomorphic and locally liftable, with horizontal local liftings. In this section we prove that Φ
extends continuously to a map of T into Γ\D¯RBS .
Let T˜ ∗ denote the upper half plane. If
Φ˜ : T˜ ∗ → D
is a lifting of Φ, then we have
Φ˜(z + 1) = γΦ˜(z)
for some γ ∈ Γ. Let l be the order of the semi-simple part of γ, and let N0 be the logarithm of the
unipotent part, so that
γl = exp(lN0) .
Set
Ψ˜(z) = exp(−lzN0)Φ˜(lz) , z ∈ T˜ ∗ .
Thus Ψ˜ is invariant under the translation z → z+1, and descends to a holomorphic map Ψ : T ∗ → D.
According to the nilpotent orbit theorem ([Sch73], 4.9), Ψ extends holomorphically to T . If we let
x∞ = Ψ(0) ∈ Dˇ ,
with corresponding filtration F∞, then
Φ˜(z) ∼ exp(zN0)x∞ ,
as im z → ∞. In fact, Schmid shows that Φ˜ is asymptotic as z → ∞ to an SL(2 -orbit. More
precisely, there exists a representation
ψ : SL(2)→ G
such that
12
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i) ψ(SL(2,R) ⊂ G(R),
ii) ψ∗ : sl(2)→ g is a morphism of Hodge structures of degree (0, 0).
If we let l ⊂ sl(2,C) be the subalgebra spanned by z and x−, then ψ∗l ⊂ b. The corresponding sub-
group L ⊂ SL(2,C) is the isotropy subgroup of i. So the representation ψ determines an equivariant
horizontal holomorphic embedding
ψ˜ : P1 → Dˇ ,
with
ψ˜(g · i) = ψ(g) · x0 .
This mapping is “asymptotic to Φ˜ at ∞”. For a precise statement, see [Sch73], 5.17, or [CKS86],
3.25. We shall in fact only use the properties in [Sch73], 5.26. For these results to apply we choose
the basepoint x0 so that ψ is defined over Q (see [Sch73] 5.19). Then
ψ∗(n−) = N0 .
We also choose a Q - Cartan subalgebra aQ ⊂ pR such that
Y = ψ∗(y) ∈ aQ .
As in §5, order the roots ∆Q, with respect to aQ, so that
α ∈ ∆Q , α(Y ) < 0 =⇒ α ∈ ∆+Q ,
let Π be the set of simple roots, and set
I = {α ∈ Π |α(Y ) = 0 } .
Thus PI is the canonical parabolic subgroup associated to ψ.
Now let
u =
∑
α>0
gα ,
and let U be the corresponding unipotent subgroup. If we let A be the connected abelian subgroup
with Lie algebra aQ, then
Q = Z(A)U
is a minimal parabolic subgroup of G. We can write
Z(A) = AM ,
where M is anisotropic over Q. According to [Sch73], 5.26, there exist functions
u(z) ∈ U , a(z) ∈ A m(z) ∈M , k(z) ∈ K ,
defined and real analytic for im z >> 0, such that
Φ˜(z) = u(z)a(z)m(z)k(z)x0 ,
and as im z→∞ the limits of u(z), exp ((1/2) log(im z)Y)a(z), m(z) and k(z) exist and are uniform
in re z. Furthermore,
lim
im z→∞
exp
(1
2
log(im z)Y
)
a(z) = 1 ,
lim
im z→∞
m(z) = 1 ,
lim
im z→∞
k(z) = 1 .
Lastly,
lim
im z→∞
u(z) ∈ U .
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It follows that as im z→∞
α(log a(z))→
{
∞ if α ∈ Π \ I
0 if α ∈ I
uniformly in re z (cf.[Sch73], p.245). Write A = AIA
′, where
A′ =
⋂
α∈Π\I
ker(α ◦ log) ⊂ A .
and then write
a(z) = aI(z)a
′(z) , aI(z) ∈ AI , a′(z) ∈ A′ .
It follows that
lim a′(z) = 1 .
The centralizer of Y in u is
u′ =
∑
α(Y )=0
α>0
gα ,
and u decomposes into the semi-direct product:
u = uI ⊕ u′ .
If we denote by U ′ the corresponding subgroup of U , then we can write
u(z) = uI(x)u
′(z) , uI(z) ∈ UI , u′(z) ∈ U ′ ,
and lim uI(z) and limu
′(z) exist (cf. [Sch73], p. 317). Thus
limmI(z) := limu
′(z)a′(z)m(z)
exists. So
MI = U
′A′M ,
and
PI = UIAIMI
is the Langlands decomposition of PI (with respect to x0). Therefore by [BJ01], §4, in G¯RBS ,
lim
im z→∞
u(z)a(z)m(z)k(z) = lim
im z→∞
uI(z)aI(z)mI(z)k(z)
exists. Thus we have
Theorem 3. In D¯RBS , limim z→∞ Φ˜(z) exists and lies in the boundary component DPI .
The domains D are not homogenous, in the sense that there are special directions. So one can
ask whether for a boundary component DP there does exist a holomorphic, horizonal map Φ˜ such
that limim z→∞ Φ˜(z) lies in the boundary component DP .
Theorem 4. Let P be a rational parabolic subgroup. Let ψ be a representation of SL(2) in G,
defined over Q, such that P is the canonical parabolic for ψ. Suppose that N = ψ∗(n−) can be
written as
N =
∑
α∈∆Q
aαN−α ,
with aα ∈ Q. Then ψ determines an SL(2)-orbit ψ˜ with ψ˜(0) ∈ DP if and only if α ∈ ∆−1Q for all
α with aα 6= 0. In particular, suppose that in the weighted Dynkin diagram of N , the roots with
weight 2 lie in ∆−1C . Then ψ˜ is an SL(2)-orbit with ψ˜(0) ∈ DP .
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Proof. The derivative ψ∗ is horizontal at x0 if and only if X+ = ψ∗(x+) ∈ g−1,1. So if
X+ =
∑
α∈∆C
aαXα ,
then X+ ∈ g−1,1 if and only if α ∈ ∆−1C for all α with aα 6= 0. But by (10)
N+ = Ad (C
−1)X+ =
∑
β∈∆C
aβAd (C
−1)Xβ =
∑
α∈∆Q
aαNα ,
where aα := aβ for β = res
−1
Q α, and
N = Ad (J)N+ =
∑
α∈∆Q
aαN−α .
8. The Structure of a Boundary Component
In this section we give a description of a boundary component, which is inspired by the calculations
in §2 of [Her99]. First choose a basepoint x0 so that in the real Cartan subalgebra aR of theorem 2,
there is a rational Cartan subalgebra aQ. With respect to x0 there is a Cartan decomposition of gR
(see equation (4)).
Let ψ be an SL(2)-orbit, defined over Q, with
N0 = ψ∗(n−) , Y = ψ∗(y) ,
and Nk+10 = 0. We can assume that Y ∈ aQ. Let W be the weight filtration of N0 in HQ. Then
S(Wl,Wl′) = 0 , if l + l
′ < 2k .
For any g ∈ Z(Y ), N = gN0g−1 also has the weight filtration W . For such a nilpotent N , one can
define a non-degenerate (−1)k+l- symmetric bilinear form Sl on GrWk+lHQ by
Sl(v˜, w˜) = S(v,N
lw) ,
where v,w ∈Wk+l represent v˜, w˜ ∈ GrWk+lHQ. Define the primitive subspace Pk+l(N) ⊂ GrWk+l(HQ)
by
Pk+l(N) = ker
(
N l+1 : GrWk+l(HQ)→ GrWk−l−2(HQ)
)
,
for l > 0.
We order the roots ∆Q as in section 5 and again set
I = {α ∈ Π |α(Y ) = 0} .
So Q = QI is the canonical parabolic determined by N0. Since aR ⊂ pR, aI is stable under the
Cartan involution belonging to x0. Therefore z(aI) is the stable Levi subalgebra of q. Hence if
Q = UQAQMQ
is the Langlands decomposition with respect to x0, then aI is the Lie algebra of AQ. It follows that
the eigenspaces of Y ∈ aI in HR are just the weight spaces of aI or AQ. These give a splitting of W
defined over Q.
This splitting, or ψ itself, determines a subspace Bk+l ⊂ HQ which is a lifting of Pk+l, l > 0,
together with a lifting of Sl (cf. [Her99], §2). It is easy to see that
Z(N)|Bk+l
∼= O(Sl) ,
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where O(Sl) is the group of symmetries of Sl on Pk+l(N). Furthermore, Y normalizes z(N) and the
eigenvalues of AdY on z(N) are 6 0. In fact Z(N) ⊂ Q (see [SS70], III, 4.10) and the Langlands
decomposition of Q gives an analogous decomposition of Z(N), with
Z(N) ∩MQ =
∏
l>0
O(Sl) .
If N = N0, then F∞ = ψ˜(0) induces a Hodge structure on Bk+l which is polarized by Sl. On
Pk+l(N0) the induced filtration is the same as that from F0 = ψ˜(i). Set
fpl = dimF
p
∞Pk+l(N0) .
For any N , let Dl(N) denote the space of all Hodge filtrations on Pk+l(N) polarized by Sl with
dimF pPk+l(N) = f
p
l ,
for all p. Set
Dprim(N) =
∏
l>0
Dl(N) .
Theorem 5. The boundary component DQ is a fibre bundle:
DQ → Z(N0) ∩MQ\MQ/MQ ∩ V
with fibres Dprim(N), where N = g
−1N0g, g ∈MQ (cf. [CK77], §3).
Proof. Let g∞ = ψ
(
exp(−in−)
)
. Then g∞ · x0 = x∞, g∞ preserves W and g∞ acts trivially on
GrWH (cf. [Sch73], 6.20). The filtration F∞ on Bk+l is stabilized by g∞V g
−1
∞ . It follows that
Dl(N0) ∼= O(Sl)/O(Sl) ∩ V .
Therefore
Dprim(N0) ∼= Z(N0) ∩MQ
/
Z(N0) ∩ V ⊂MQ/MQ ∩ V ∼= DQ .
Now if N = g−1N0g, with g ∈MQ ⊂ Z(Y ), then
gPk+l(N) = Pk+l(N0) .
So we have a diffeomorphism
g∗ : Dprim(N)
∼=−→ Dprim(N0) .
Then
Dprim(N)
g∗−→ Dprim(N0)
∼=−→ Z(N0) ∩MQ
/
Z(N0) ∩ V
∼=−→ (Z(N0) ∩MQ/Z(N0))g−1
identifies Dprim(N) with a fibre.
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